In this paper, we will present a multiple time step Monte Carlo simulation technique for pricing options under the Stochastic Alpha Beta Rho model. The proposed method is an extension of the one time step Monte Carlo method that we proposed in an accompanying paper Leitao et al. [Appl. Math. Comput. 2017, 293, 461-479], for pricing European options in the context of the model calibration. A highly efficient method results, with many very interesting and nontrivial components, like Fourier inversion for the sum of log-normals, stochastic collocation, Gumbel copula, correlation approximation, that
Introduction
The Stochastic Alpha Beta Rho (SABR) model (Hagan et al. 2002) is an established stochastic differential equation (SDE) model which, in practice, is often used for interest rates and foreign-exchange (FX) modelling. It is based on a parametric local volatility component in terms of a model parameter, β, and reads
dS(t) = σ (t)S β (t)dW S (t), S(0) = S 0 exp (r T ) , dσ (t) = ασ (t)dW σ (t), σ (0)
Here, S(t) =S(t) exp (r (T − t)) denotes the forward price of the underlying assetS(t), with r an interest rate, S 0 the spot price and T the maturity. Further, σ (t) represents a stochastic volatility process, with σ (0) = σ 0 , W S (t) and W σ (t) are correlated Brownian motions with constant correlation coefficient ρ (i.e. W S W σ = ρt). The parameters of the SABR model are α > 0 (the volatility of volatility, vol-vol), 0 ≤ β ≤ 1 (the variance elasticity) and ρ (the correlation coefficient). Because of a practically very useful closed-form expression for the implied volatility, Hagan et al. (2002) and Obloj (2008) , the model has gained its popularity. However, since this expression is derived by perturbation theory, the formula is not always accurate for small strike values or for long time to maturity. By the one time step SABR method in Leitao et al. (2017) , we * Corresponding author. Email: A.LeitaoRodriguez@tudelft.nl can efficiently calculate accurate implied volatilities for any strike, however, only for short times to maturity (less than two years). This fits well to the context of FX markets. Here, we extend the one time step Monte Carlo method from Leitao et al. (2017) , and propose a multiple time step Monte Carlo simulation technique for pricing options under the SABR dynamics. We call it the mSABR method. With this new simulation approach, we can price options with longer maturities, payoffs relying on the transitional distributions and exotic options (like path-dependent options) under the SABR dynamics, overcoming the limitations of Hagan's formula in the mentioned situations.
Because a robust and efficient SABR simulation scheme may be involved and quite expensive, we aim for using as few time steps as possible. This fact, together with the longtime horizon assumption, implies that we focus on larger time steps. In this context, the important research line is called exact simulation, where, rather than Taylor-based simulation techniques, the probability density of the SDE under consideration is highly accurately approximated. Point-of-departure is Broadie and Kaya's exact simulation for the Heston stochastic volatility model (Broadie and Kaya, 2006) . That method is, however, time-consuming because of multiple evaluations of Bessel functions and the use of Fourier inversion techniques on each Monte Carlo path. Inspired by this approach, in Smith (2007) and van Hasstrecht and Pelsser (2010) , computational improvements were proposed. Furthermore, Andersen (2008) presented two efficient alternatives to the Broadie and Kaya scheme, the so-called Truncated Gaussian and the Quadratic Exponential (QE) schemes.
For the SABR model, exact Monte Carlo simulation is nontrivial because the forward process in (1) is governed by constant elasticity of variance (CEV) dynamics (Cox 1996 , Schroder 1989 ). In Islah (2009) , the connection between the CEV and a squared Bessel processes was explained, and an analytic approximation for the SABR conditional distribution based on the non-central χ 2 distribution was presented. The expression relies on the stochastic volatility dynamics, but also on the integrated variance process (which itself also depends on the volatility).
An (approximately) exact SABR simulation can then be subdivided in to the simulation of the volatility process, the simulation of the integrated variance (conditional on the volatility process) and the simulation of the underlying CEV process (conditional on the volatility and the integrated variance processes). Based on this, Chen et al. (2012) proposed a lowbiased Monte Carlo scheme with moment-matching (following the techniques of the QE scheme by Andersen (2008) ) and a direct inversion approach. For the simulation of the integrated variance, they also employed moment-matching based on conditional moments that were approximated by a small disturbance expansion. In Cai et al. (forthcoming) , the authors employed direct inversion for the forward distribution and used a Laplace transform inversion technique to simulate the integrated variance. Kennedy and Pham (2014) provided the moments of the integrated variance for specific SABR models (like the normal, log-normal and displaced diffusion SABR models) and derived an approximation of the SABR distribution. In Lord and Farebrother (2014) , a summary of different approaches was presented.
In this work, we approximate the distribution of the integrated variance conditional on the volatility dynamics by joining the two involved marginal distributions, i.e. the stochastic volatility and integrated variance distributions, by means of copula techniques. With both marginal distributions available, we use the Archimedean Gumbel copula to define a multivariate distribution which approximates the conditional distribution of the integrated variance given the stochastic volatility.
An approximation of the cumulative distribution function (CDF) of the integrated variance can be obtained by a recursive procedure, as described in Zhang and Oosterlee (2013) , originally employed to price arithmetic Asian options. This iterative technique is based on the derivation of the characteristic function of the integrated variance process and Fourier inversion to recover the probability density function (PDF).
The fact that we need to apply recursion and compute the corresponding characteristic function, PDF and CDF of the integrated variance for each Monte Carlo sample at each time step, makes this approach however computationally very expensive (even with the improvements already made in Leitao et al. (2017) ), like the Heston exact simulation. In order to reduce the use of this procedure as much as possible, highly efficient sampling from the CDF of the integrated variance is proposed, which is based on the so-called Stochastic Collocation Monte Carlo sampler (SCMC), see Grzelak et al. (2015) . The technique employs a sophisticated interpolation (based on Lagrange polynomials and collocation points) of the CDF under consideration.
As will be seen, the resulting 'almost exact' Monte Carlo SABR simulation method that we present here (the mSABR method), contains several interesting (and not commonly used) components, like the Gumbel copula, a recursion plus Fourier inversion to approximate the CDF of the integrated variance and efficient interpolation by means of the SCMC sampler. The proposed mSABR scheme allows for fast and accurate option pricing under SABR dynamics, providing a better ratio of accuracy and computational cost than Taylor-based simulation schemes. Compared to the other approaches mentioned in this introduction, we provide a highly accurate SABR simulation scheme, based on only a few time steps.
The paper is organized as follows. In section 2, SABR model simulation is introduced. In section 3, the different parts of the multiple time step copula-based technique are described, including the derivation of the marginal distributions and the application of the copula. Some numerical experiments are presented in section 4. We conclude in section 5. In the derivation of the CDF of the integrated variance, we need to perform several approximations, which comes with approximation errors. In appendix 1, we list and discuss these errors.
'Almost exact' SABR simulation
The SABR model with dependent Brownian motions was already given in (1). The multiple time step Monte Carlo SABR simulation is based on the corresponding SDE system with independent Brownian motions dŴ S (t) and dŴ σ (t), i.e.
The forward dynamics are governed by a CEV process. Based on this fact and the work by Schroder (1989) and Islah (2009) , an analytic approximation for the CDF of the SABR conditional process has been obtained. For some generic time interval [s, t], 0 ≤ s < t ≤ T , assuming S(s) > 0, the conditional cumulative distribution for forward S(t) with an absorbing boundary at S(t) = 0, given σ (s), σ (t) and
where
,
and χ 2 (x; δ, λ) is the non-central chi-square CDF.
This formula is exact in the case of ρ = 0 and constitutes an approximation otherwise (because the CEV process is approximated by a shifted process with an approximated initial condition for ρ = 0 in the derivation). Based on equation (3), an approximately exact simulation of SABR model is feasible by inverting the conditional SABR cumulative distribution when the conditional integrated variance is known, see section 2.1.
SABR Monte Carlo simulation
In order to apply an 'almost exact' multiple time step Monte Carlo method for the SABR model, several steps need to be performed, that are described in the following:
• Simulation of the SABR volatility process, σ (t) given σ (s). By equation (2), the stochastic volatility process of the SABR model exhibits a log-normal distribution. The solution is a geometric Brownian motion, i.e. the exact simulation of σ (t)|σ (s) reads
• Simulation of the SABR integrated variance process, σ (t) . This conditional distribution is not available in closed form. We will therefore derive an approximation of the conditional distribution of the SABR integrated variance given σ (t) and σ (s). The integrated variance sampling can be done by simply inverting it.
• Simulation of the SABR forward price process. The forward price S(t) can be simulated by inverting the CDF in equation (3). By this, we avoid negative forward prices in the simulation, as an absorbing boundary at zero is considered. There is no analytic expression for the inverse distribution and therefore this inversion has to be computed by means of some numerical approximation.
The multiple time step Monte Carlo simulation for the SABR model is thus summarized in algorithm 1. Input parameters are the initial conditions (S 0 and σ 0 ), the maturity time, T , the SABR parameters α, β and ρ, the number of Monte Carlo samples (n) and the number of time steps (m).
Algorithm 1: Multiple time step SABR Monte Carlo simulation.
In section 3.3, we propose a procedure to sample t s σ 2 (z)dz| σ (s), σ (t) based on the Gumbel copula. For this, the CDF of the integrated variance given the initial volatility, σ (s), (as a marginal distribution) must be derived. In section 3.1, a recursive technique to obtain an approximation of this CDF is presented. Because we need to apply this recursion to approximate the characteristic function, the PDF and the CDF of t s σ 2 (z)dz|σ (s) for each sample of σ (s) at each time step, this approach is expensive in terms of computational cost. To overcome this drawback, an efficient alternative will be employed here, based on Lagrange interpolation, as in the SCMC (Grzelak et al., 2015) . In section 2.2, this methodology is briefly described.
Stochastic collocation Monte Carlo sampler
In a multiple time step exact simulation Monte Carlo method we need to perform a significant number of computations each time step on each Monte Carlo path. This often hampers the applicability of the exact simulation for systems of SDEs. One of the important components of the multiple time step Monte Carlo SABR simulation is therefore an accurate and highly efficient interpolation, as proposed in the SCMC sampler in Grzelak et al. (2015) .
In this section, we will introduce the SCMC technique. The details in the SABR conditional integrated variance context will be presented in section 3.2.
The SCMC technique relies on the property that a CDF of a distribution (if it exists) is uniformly distributed. A well-known standard approach to sample from a given distribution, Y , with Y , which is assumed to be expensive.
We therefore consider another, 'cheap', random variable X , whose inversion, F −1 X , is computationally much less expensive. In this framework, the following relation holds
The samples y n of Y , and x n of X , are thus related via the following inversion, 
where evaluations of function g(·) do not require many inversions F −1
Y (·).
In Grzelak et al. (2015) , function g(·) is approximated by means of Lagrange interpolation, which is a well-known interpolation also used in the Uncertainty Quantification (UQ) context. The result is a polynomial, g N Y (·), which approxi-
, and the samples y n can be obtained by employing g N Y (·) as Grzelak et al. (2015) .
According to the definition of the SCMC technique, a crucial aspect for the computational cost is parameter N Y : the fewer collocation points are required, the more efficient will be the sampling procedure. The collocation points must be optimally chosen in a way to minimize their number. For any random variable X , the optimal collocation points will be based on the moments of X . The optimal collocation points are here chosen to be Gauss quadrature points that are defined as the zeros of the related orthogonal polynomial. This approach leads to a stable interpolation under the probability distribution of X . The complete procedure to compute the collocation points is described in Grzelak et al. (2015) .
In section 3.2, the application of SCMC technique to generate samples from the CDF of
Since we deal with a conditional distribution, the 2D version of SCMC needs to be used.
Components of the mSABR method
In this section, we will discuss the different components of the mSABR method. For simplicity, hereafter, we denote the SABR's integrated variance process by Y (s, t) := t s σ 2 (z)dz. We will explain how to efficiently sample the integrated variance given the initial and the final volatility, i.e. Y (s, t)|σ (t), σ (s), as well as its use in a complete SABR simulation. Since the distribution is not available in closed form, some approximations need to be made. In section 3.3, we propose an accurate sampling method based on copula theory (Sklar, 1959) , which is employed to approximate the required conditional distributions. The copula relies on the availability of the marginal distributions to simulate the joint distribution. As the marginal distributions, Y (s, t)|σ (s) and σ (t)|σ (s) appear as the natural choices. In section 3.1, a procedure to recover the CDF of the integrated variance process given the initial volatility is presented.
CDF of t s σ 2 (z)dz|σ (s) using the COS method We present a technique to approximate the CDF of Y (s, t)| σ (s), i.e. F Y |σ (s)
. We will work in the log-space, so an approximated CDF of log Y (s, t)| log σ (s), F log Y | log σ (s) , will be derived. We have employed this technique in the one time step SABR method (Leitao et al. 2017) , but the multiple time step version is more involved. We approximate Y (s, t) by its discrete equivalent, i.e.
where M is the number of intermediate or discrete time points,
is subsequently transformed to the logarithmic domain, with
and f logŶ | log σ (s) the PDF of logŶ (s, t)| log σ (s). Density f logŶ | log σ (s) is, in turn, found by approximating the associated characteristic function, φ logŶ | log σ (s) , and applying a Fourier inversion procedure. The characteristic function and the desired PDF of logŶ (T )| log σ (s) form a Fourier pair. Based on the work in Benhamou (2002) and Zhang and Oosterlee (2013) , we can define a recursive procedure to recover the characteristic function of f logŶ | log σ (s) .
Recursive procedure to recover φ logŶ | log σ (s)
. We start by defining the sequence,
where R j is the logarithmic increment of σ 2 (t) between t j and t j−1 , j = 1, . . . , M. As the volatility process follows log-normal dynamics, and increments of Brownian motion are independent and identically distributed, the R j are also independent and identically distributed, i.e. R j d = R. In addition, the characteristic function of R j is well known and reads, ∀u, j,
with α as in (1) and i = √ −1 the imaginary unit. By the definition of R j in equation (7), we write σ 2 (t j ) as
At this point, a backward recursion procedure in terms of R j will be defined by which we can recover φ logŶ | log σ (s) (u) . We define
By equations (9) and (10), the discrete integrated variance can be expressed as follows:
From equation (11) and by applying the definition of characteristic function, we determine φ logŶ | log σ (s) , as follows: †So, we have the m large time steps, for the multiple time step Monte Carlo simulation, and we have M intermediate dates for the integrated variance, M >> m. We suggest to prescribe t, and use M = t−s t , in order to avoid over-discretization issues. This makes the value of M dependent on the interval size, t − s.
We have reduced the computation of φ logŶ | log σ (s) to the computation of φ Y M .As Y M is defined recursively, its characteristic function can be obtained by a recursion as well. According to the definition of the (backward) sequence Y j in equation (10), the initial and recursive characteristic functions are given by the following expressions,
where equation (8) is used in both expressions and the independence of R M+1− j and Z j−1 is also employed. By definition, the characteristic function of Z j−1 reads
PDF f Y j−1 is not known. To approximate it, the Fourier cosine series expansion on f Y j−1 is applied. We first truncate the integration range to [a, b] . The calculation of integration boundaries a and b follows the cumulant-based approach as described in Zhang and Oosterlee (2013) and Fang and Oosterlee (2008) . After truncation of the integral and by applying a cosine series expansion to f Y j−1 , we have
with N the number of cosine expansion elements, and wherê
We wish to computeφ
in matrix-vector form, as follows:
with
By the recursion procedure in equation (15), we obtain the
Numerical approximation of integral.
For the approximation in equation (15), we must compute matrix M in equation (16) highly efficiently. The fast computation of the integral occurring for each element of M is a key aspect for the performance of the mSABR method. The number of elements in matrix M can be large, as it corresponds to the number of elements in the cosine series expansion, i.e. N 2 . The efficiency also depends on the required accuracy. In this work, we take advantage of the performed analysis in Leitao et al. (2017) . Among several options, the authors have shown that a numerical approximation based on a piecewise linear approximation provides a good balance between performance and accuracy. Following this approximation, we rewrite the considered integral as follows:
with u k and u l as in (17). Although function h(x) is not linear, it is smooth and monotonic (see figure 1) . Hence, the proposed numerical technique is to define sub-intervals of the integration range [a, b] in which h(x) is almost constant or linear, i.e.
so that we can perform a first-order expansion in each sub-
In order to guarantee continuity of the approximation, h(x) is approximated by a linear function in each interval as follows:
This gives us an approximationÎ M , as followŝ
, we need to determine a simple integral, I j , which can be computed analytically.
The optimal integration points a j and b j in equation (19) are found by differentiation of h(x) w.r.t. x, i.e.
, giving a relation between the derivative of h(x) and the logistic distribution. This representation indicates that H (x) is the CDF of the logistic distribution, with a so-called location parameter μ = 0 and a scale parameter η = 1. In order to determine the optimal integration points so that their positions correspond to the logistic distribution, we need to compute the quantiles. The quantiles of the logistic distribution are analytically available and given by
The algorithm for the optimal integration points, given integration interval [a, b] and the number of intervals L, is then as follows:
• Determine an interval in the probability space:
• Determine a j and b j by calculating the quantiles, a j = q( p j ) and
The algorithm above ensures that integration points are optimally distributed (see figure 1(a) ). However, for the particular problem, the integration interval can be rather large. As the integration points are typically concentrated near the function's curved part, the errors in the outer sub-intervals dominate the overall error and more points at the beginning and at the end of the interval are required to reduce this error. A more evenly distribution of the integration points can be achieved by introducing a scale parameter, η = 1, which implies that the integration points correspond to a CDF with increased variance. In figure 1(b), the case of η = 3 is presented. When η = 1, the expression for the quantiles reads,
Through the experiments in Leitao et al. (2017) , we concluded that the choice η = 3 provided accurate results in this context.
Recovering f logŶ | log σ (s) by COS method.
Once the approximation of φ Y M ,φ Y M , has been efficiently derived, we can recover f logŶ | log σ (s) from φ logŶ | log σ (s) by employing the COS method (Fang and Oosterlee 2008) , as follows:
where N is the number of COS terms, [â,b] is the support † of logŶ (s, t)| log σ (s) and the prime and symbols in equation (20) and this makes the computation of F logŶ | log σ (s) (and also its subsequent inversion) very expensive. In order to overcome this issue, the SCMC technique (see section 2.2) will be employed approximating these rather expensive computations by means of an accurate interpolation.
Efficient sampling of logŶ | log σ (s)
By employing the SCMC technique, instead of directly computing F logŶ | log σ (s) for each sample of log σ (s), we only have to compute F logŶ | log σ (s) at the collocation points. In general, only a few collocation points are sufficient to obtain accurate approximations, which is a well-known fact from the UQ research field. This fact allows us to drastically reduce the computational cost of sampling the required distribution.
For the problem at hand, we require samples from the integrated variance conditional on the initial volatility, loĝ Y (s, t)| log σ (s). Therefore, we need to make use of the 2D version of the SCMC technique. Two levels of collocation points need to be chosen, one for each dimension. If we denote them by NŶ and N σ , respectively, the resulting number of inversions equals NŶ · N σ . The formal definition of the 2D SCMC technique applied to our context reads
where x n are the samples from X ∼ N (0, 1), which is used as the cheap variable, and v n the samples of log σ (s);x i and v j are the collocation points for approximating variables log Y and log σ (s), respectively. The Lagrange polynomials i and j are defined by
The collocation pointsx i andv j are calculated based on the moments of the random variables. The two involved variables in the application of the 2D SCMC technique are the collocation variables, X ∼ N (0, 1), and log σ (s)
The moments of a normal variable, X ∼ N (μ X , s X ) are analytically available, and are given by
where p is the moment order and the expression !! represents the double factorial. In order to compute the optimal collocation points,v j , the precalculated collocation points by means of the log σ (s) moments need to be shifted according to the mean, i.e. log σ 0 + 1 2 α 2 s. We first test numerically the accuracy of the SCMC technique for our problem. In figure 2 , two experiments are presented. In figure 2(a) , we compare the samples obtained by direct inversion and by the SCMC technique. The fit is highly accurate, already with only seven collocation points. In figure  2(b) , the empirical CDFs are depicted, where the excellent match is confirmed. In order to show the performance of SCMC technique for the simulation of logŶ | log σ (s), the execution times of generating different numbers of samples are presented in table 1.
In appendix 1, the different sources of error due to the approximations made in the sections 3.1 and 3.2 are analysed.
Copula-based simulation of t s σ 2 (z)dz|σ (t), σ (s)
In this section, we present an algorithm for the simulation of the integrated variance given σ (t) and σ (s) by means of a copula. In order to obtain the joint distribution, we require the marginal distributions. In our case, the required CDFs are F log Y | log σ (s) and F log σ (t)| log σ (s) . In section 3.1, an approximated CDF of log Y | log σ (s), F logŶ | log σ (s) , has been derived. Since σ (t) follows a log-normal distribution, by definition, log σ (t) is normally distributed, and the conditional process log σ (t) given log σ (s), follows a normal distribution,
3.3.1. Pearson's correlation coefficient. For any copula some measure of the correlation between the marginal distributions is needed. We will employ the Pearson correlation coefficient for log Y (s, t) and log σ (t). For this quantity, an approximated analytic formula can be derived. By definition, we have
. We employ the following approximation
where the logarithm and the integral are interchanged. Since the log function is concave, this approximation forms a lower bound for the true value. This can be seen by applying Jensen's inequality, i.e.
It has been numerically shown that, under the model settings with an interval size t − s less than two years, the results based on this approximation are highly satisfactory (further details in Leitao et al. (2017) ). The correlation coefficient can then be approximated by
To compute the covariance, we need E t s log σ (z)dz log σ (t) , E t s log σ (z)dz and E [log σ (t)]. From equation (4), the last expectation as well as var [log σ (t)] are known. We find that log σ (t) = log σ 0 − 1 2 α 2 t + αW (t) =: η(t) + αW (t),
Based on these equations, using
we obtain the following expressions for the remaining expectation,
For the variance of t s log σ (z)dz, we first compute
and the variance reads
An approximation of the Pearson correlation coefficient is then obtained as follows: 
Gumbel copula.
In this work, we will use Archimedean Gumbel copula. The Gaussian copula may seem a natural choice, as σ (t) follows a log-normal distribution and Y (T ) = t s σ 2 (z)dz can be seen as summation of squared log-normal processes. However, in Leitao et al. (2017) , we have empirically shown that the Gumbel copula performs most accurately in this context for a variety of SABR parameter values. The formal definition of the Archimedean Gumbel copula, considering (24) where (− log(·)) θ , θ > 0 is the so-called generator function of the Gumbel copula. In order to calibrate parameter θ , a relation between θ and the rank correlation coefficient Kendall's τ can be employed, i.e. θ = 1/(1 − τ ). So, we have derived approximations for all the components required to apply the copula-based technique for the integrated variance simulation. The algorithm to sample t s σ 2 (z)dz given σ (t) and σ (s) then consists of the following steps:
(1) Determine F log σ (t)| log σ (s) by equation (22). (2
) Determine F logŶ | log σ (s) by equation (6). (3) Determine the correlation between log Y (s, t) and log σ (t) by equation (23). (4) Generate correlated uniform samples, U log σ (t)| log σ (s)
and U logŶ | log σ (s) from the Gumbel copula by equation (24). (5) From U log σ (t)| log σ (s) , invert the CDF F log σ (t)| log σ (s) to get the samplesσ n of log σ (t)| log σ (s). This procedure is straightforward since the normal distribution inversion is analytically available. (6) From U logŶ | log σ (s) , invert the CDF F logŶ | log σ (s) to get the samplesỹ n of logŶ | log σ (s). We propose an inversion procedure based on linear interpolation. First, we evaluate the CDF function at some discrete points. Then, the insight is that, by rotating the CDF under consideration, we can interpolate over probabilities. This is possible when the CDF function is a smoothly increasing function. The interpolation polynomial provides the quantiles of the original distribution from some given probabilities. Since F logŶ | log σ (s) is indeed a smooth and increasing function, the interpolationbased inversion is definitely applicable. This procedure together with the use of 2D SCMC sampler (see section 3.2) results in a fast and accurate inversion. (7) The samples σ n of σ (t)|σ (s) and y n of Y (s, t) = t s σ 2 (z)dz|σ (t), σ (s) are obtained by simply taking exponentials as follows:
Simulation of S(t) given S(s), σ (s), σ (t) and t s σ 2 (z)dz
We complete the mSABR method by the conditional sampling of S(t). The most commonly used techniques can be classified in two categories: direct inversion of the SABR distribution function given in equation (3) and moment-matching approaches. The direct inversion procedure has a higher computational cost because of the evaluation of the non-central χ 2 distribution. However, some recent developments make this computation affordable. Chen et al. (2012) proposed a forward asset simulation based on a combination of momentmatching (Quadratic Gaussian) and enhanced direct inversion procedures. We employ this technique also here. Note however that, for some specific values of β, the simulation of the conditional S(t) given S(s), σ (s), σ (t) and t s σ 2 (z)dz enables analytic expressions.
3.4.1. Case β = 0. For β = 0, it is easily seen from equation (2) that the asset process (in integral form) becomes
and
Since this allows negative asset prices, the simulation of S(t) with β = 0 must be corrected. If the price at the initial time is less or equal to zero, i.e. S(s) ≤ 0, the price S(t) must remain zero for all time. Otherwise,
S(t) = max(S(t), 0).
This correction is performed to be consistent within the whole simulation procedure, since the distribution of the 'exact'SABR simulation in equation (3) relies on the condition S(s) > 0. If negative values are permitted, this must be handled in a different way (see Hagan et al. (2014) or Antonov et al. (2015) , for example).
3.4.2.
Case β = 1. In the case of β = 1, the asset dynamics in equation (1) become log-normal and the solution is given by
If we take the log-transform,
and by considering again equations (25) and (26), we obtain the distribution of log
By employing equation (27), the asset dynamics S(t) can be sampled from
where X is the standard normal.
3.4.3. Case β = 0, β = 1. As mentioned before, for the generic case of β ∈ (0, 1), we employ the enhanced inversion of the SABR asset price distribution in equation (3) as introduced in Chen et al. (2012) . We briefly summarize this approach. The asset simulation is performed either by a moment-matched quadratic Gaussian approximation or by an enhanced direct inversion. The authors in Chen et al. (2012) proposed a threshold value to choose the suitable technique among these two. The moment-matching approach relies on the fact that, for S(s) 0, the distribution function in equation (3) can be approximated by
By definition, the mean, μ and the variance, κ 2 , of a generic non-central chi-square distribution χ 2 (x; δ, λ) are μ := δ + λ and
is accurately approximated by a quadratic Gaussian distribution, as follows
Applying this to the case in equation (3), we can sample the conditional asset dynamics, 0 ≤ s < t, by
The moment-matching approximation is safely and accurately applicable when 0 < ψ ≤ 2 and μ ≥ 0 (Chen et al. 2012) . Otherwise, a direct inversion procedure must be employed. A root-finding Newton method is then used. In order to reduce the number of Newton iterations (and the expensive evaluation of the non-central chi-square CDF), the first iterations are based on an approximated formula for the non-central chi-square distribution, which is based on the normal CDF and derived by Sankaran (1963) . Then, the obtained value is employed as the initial guess for the Newton algorithm. The result is a significant reduction in the number of iterations and, hence, in the computational cost. Furthermore, this rootfinding procedure consists of only basic operations, so that the whole procedure can be easily vectorized, leading to a further efficiency improvement.
As in the case of β = 0, the absorbing boundary at zero needs to be prescribed to avoid negative prices.
The resulting sampling procedure is robust and efficient.
Martingale correction.
As already pointed by Andersen (2008) and Chen et al. (2012) , the almost exact simulation of the asset price in some stochastic volatility models can produce a loss of the martingale property, due to the approximation of a continuous process by its discrete equivalent. This is especially seen, when the size of time step is large and for certain configurations of the SABR parameters, like small β values, close-to-zero initial asset values S 0 , high vol-vol parameter α or large initial volatility σ 0 . In order to overcome this issue, we incorporate to the mSABR method the use of a simple but effective numerical martingale correction, as follows:
where S i (t) represents the i−th Monte Carlo sample. Note, however, that, for practical SABR parameters, the martingale error is very small and can be easily controlled by increasing the number of overall time steps m.
Numerical experiments
In this section, we benchmark the mSABR method by pricing options under the SABR dynamics. We will consider several parameter configurations, extracted from the literature (see  table 2 ), a zero-correlation set as in Grzelak et al. (2015) (set I), a set under log-normal dynamics as in Chen et al. (2012) (set II), a medium long time to maturity set as in Antonov et al. (2013) (set III) and a more extreme set as in Antonov et al. (2015) (set IV). The strikes, K i , are chosen following the expression
introduced by Piterbarg (2005) . Other parameters include:
• Step size in equation (5): t = 5 × 10 −5 .
• Number of terms in equations (14) and (20): N = 150.
• Number of intervals for piecewise linear approximation in equation (19): L = 100.
• Number of collocation points in equation (21):
• Number of samples: n = 1.000.000.
The experiments were performed on a computer with CPU Intel Core i7-4720HQ 2.6 GHz and RAM memory of 16 Gigabytes. The employed software package was Matlab r2015b.
As usual, the European option prices are obtained by averaging the maximum of the forward asset values at maturity minus the strike and zero, i.e. max(S(T ) − K i (T ), 0) (call option). Subsequently, the Black-Scholes formula is inverted to determine the implied volatilities. Note that, once the forward asset is simulated by the mSABR method, we can price options at multiple strikes simultaneously.
Convergence test
We perform a convergence study in terms of the number of time steps, m and, subsequently, in terms of the number of samples, n. Set I is considered suitable for this experiment, since an analytic solution is available by Antonov et al. (2013) when ρ = 0, and it can be used as a reference. Also, as equation (3) is employed to sample the forward asset dynamics, the case ρ = 0 results in an exact simulation.
In table 3, the implied volatilities obtained by the mSABR method for several choices of the number of time steps m are presented. We observe by the errors in basis points (bp) that, by increasing the number of time steps, the technique converges very rapidly. Furthermore, only a few time steps are required to obtain accurate results: with only m = 4 time steps (one per year) the error is already less than ten basis points and with m = 4T (the time step size is a quarter of year), the error remains below one basis points. Compared to the lowbias SABR simulation scheme proposed in Chen et al. (2012) , the mSABR method is more accurate, since it relies on the exact simulation of the integrated variance, whereas the lowbias scheme approximates the integrated variance by a small disturbance expansion and moment-matching techniques. That scheme performs worse when bigger time steps are considered.
We also perform a convergence test in the number of samples, n. According to the previous experiment and in order to guarantee that the errors do not increase by the time discretization, we set m = 4T . In table 4, the implied volatilities for increasing n are presented. By the relative error (RE), we can see that, as expected, the error is approximately reduced by a factor of 1/ √ n. Furthermore, we wish to show how the number of samples affects the variance of the mSABR method. In figure 3 , the standard deviations † for several choices of n are presented. Two strikes are evaluated, one in-the-money strike, K 2 , and one out-of-the-money strike, ‡ K 6 . An identical behaviour can be observed for all other strikes as well. Again, we see a fast convergence and variance reduction in terms of n.
Performance test
Next to the convergence of the mSABR method in terms of m and n, another important aspect is the computational cost. Specifically, we will measure the execution times of an option pricing experiment using different alternative Monte Carlobased methods and compare them with the mSABR method. Again, parameter Set I is employed since a reference value is available for this case. We consider a plain Monte Carlo Euler (MC Euler) discretization scheme for the forward asset, S(t). Note that the absorbing boundary at zero must be handled with care. Since our main contribution here is the exact simulation of the integrated variance, it is natural to also compare the performance with other, less involved, techniques. We therefore also present a comparison between the mSABR method and two techniques where the integrated variance is either approximated by
. We denote these alternatives as the Y -Euler and Ytrpz schemes, respectively. The simulation of S(t) is, in both cases, carried out as explained in section 3.4. In table 5, we present execution times (in seconds) of the MC Euler, Y -Euler, Y -trpz and mSABR schemes, to achieve a certain level of accuracy (measured as the error of the implied volatilities in basis points). In addition, the required number of time steps is presented in parentheses to provide an insight in the efficiency. Furthermore, the speedup obtained by our method is included in table 6. We observe that the mSABR method is superior in terms of the ratio between computational cost and accuracy. The accuracy of Y -Euler or Y -trpz can be improved by adding intermediate time steps, but then also the computational cost increases.
'Almost exact' SABR simulation by varying ρ
As a next experiment we test the stability of the mSABR method when correlation parameter ρ varies from negative to positive values. As stated before, equation (3) is only exact for ρ = 0. For that, we use Set II since the conditional forward asset simulation enables a closed-form solution (given by equation (28) (Chen et al. 2012) 0 .04 0.2 0 .3 1 .0 −0.5 5 Set III (Antonov et al. 2013) 1 .0 0 .25 0.3 0 .6 −0.5 2 0 Set IV (Antonov et al. 2015) 0 .0056 0.011 1.080 0.167 0.999 1 Table 4 . Implied volatility, increasing n: Antonov vs. mSABR. Set I. simulation with a very fine Euler time discretization (1000T time steps) in the forward asset process is employed. In table 7, the resulting implied volatilities are provided. The differences between the Monte Carlo volatilities and the ones given by the mSABR method are within 10 basis points for all choices of ρ.
Pricing barrier options
We will price barrier options with the mSABR method. The up-and-out call option is considered here, with the barrier level, B, B > S 0 , B > K i . The price of this type of barrier option reads Table 7 . Implied volatility, varying ρ: Euler Monte Carlo vs. mSABR. Set II. 
where 1(·) represents the indicator function and t k are the predefined times where the barrier condition (whether or not it is hit) is checked. As a reference, a Monte Carlo method with very fine Euler time discretization is employed, as in the previous experiment. The number of time steps for the mSABR scheme is again set to m = 4T . In tables 8, 9 and 10, the obtained prices are presented for the parameter sets I, II and III, respectively. The prices are multiplied by a factor of 100. Also, the mean squared error (MSE) is shown. We define the MSE as The resulting accuracy is very satisfactory. As expected, higher option prices are obtained for bigger barrier levels, B, and/or lower strikes, K i .
Negative interest rates
The SABR model is very popular in the interest rate context. One of the most important current features in this market is the occurrence of negative interest rate values and strikes. Approaches dealing with this issue have appeared in the literature, like Antonov et al. (2015) or Hagan et al. (2014) . To apply the mSABR scheme in the case of negative interest rates, we will use the shifted SABR model by Schlenkrich et al. (2014) . The shifted SABR model is defined as follows:
where θ > 0 is a displacement, or shift, in the underlying. The volatility process, σ (t), remains invariant (see equation (1)). Parameter θ can be seen as the maximum level of negativity that is expected in the rates. This generalization of the SABR model is widely used by market practitioners due to its simplicity, and, precisely, the advantage of keeping the existing simulation schemes. In mSABR, the assumption S(t) > 0 is required to employ the method. In order to test the mSABR scheme in the context of negative interest rates, we employ the set IV. The SABR model parameters were obtained by Antonov et al. (2015) after a Table 9 . Pricing barrier options with mSABR: Table 10 . Pricing barrier options with mSABR: mSABR method with m = 4T . In figure 4 (a), these curves are depicted and a perfect fit is observed. The strikes, K are chosen to permit negative values. We perform an even more extreme experiment, by setting S 0 = 0. The resulting normal implied volatilities are presented in figure 4(b), again with a excellent fit. Due to the complexity of the negative interest rates experiment and this particular set of parameters (ρ ≈ 1), we wish to test the performance of our method under these conditions. In tables 11 and 12 the execution times obtained are presented. Again, the small number of time steps due to the 'almost' exact simulation of the mSABR method provides an important gain in terms of performance.
Conclusions
In this work, we have proposed an accurate and robust multiple time step Monte Carlo method to simulate the SABR model with only a few time steps. The mSABR method employs many nontrivial components that have not been seen before in combination within a Monte Carlo simulation. A copula methodology to generate samples from the conditional SABR's integrated variance process has been introduced. The marginal distribution of the integrated variance has been derived by employing Fourier techniques. We have dealt with an increasing computational complexity, due to the multiple time steps and the almost exact simulation, by applying an interpolation based on stochastic collocation. This has resulted in an efficient SABR simulation scheme. We have numerically shown the convergence and the stability of the method. In terms of convergence, the mSABR method requires only very few time steps to achieve high accuracy, due to the focus on almost exact simulation (in contrast to the low-bias SABR scheme Chen et al. 2012) . This fact impacts the performance, obtaining an excellent ratio between accuracy and computational cost. As a multiple time step method, it can be employed to price path-dependent options. As an example, a pricing experiment for barrier options has been carried out. Furthermore, we have shown that the mSABR scheme is also suitable in the context of negative interest rates, in combination with a shifted model.
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No potential conflict of interest was reported by the authors. /∂ x N Y has its maximum. A small probability of large errors in the tails can be observed by deriving the error U (ξ n ), by substituting the uniformly distributed random variable u n in the previous equation, using ξ n = F −1
A 'close-to-linear' relation between the involved stochastic variables, meaning ∂ N Y g(x)/∂ x N Y being small, gives a small approximation error. On the other hand, when approximating the CDF of the expensive variable Y , we have
which is exact at the collocation pointsx i ,
A deeper analysis can be found in the original paper of SCMC (Grzelak et al., 2015) , including a theoretical convergence in L 2 and the convergence within the distribution tails.
We have chosen X to be standard normal, and Y = logŶ | log σ (s) can be seen as the logarithm of a sum of log-normal variables. Therefore, it is a 'close-to-normal' distribution which can be efficiently approximated by a linear combination of standard normal distributions. In order to measure the error when SCMC is applied to the sampling of (21). By following the same derivation as in equation (A1), we have
where NŶ and N σ are the number of collocation points in each dimension andv j are the collocation points corresponding to the conditional random variable log σ (s).
